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ABSTRACT 

A Nambu-Poisson formulation of the system of three ordinary differential equations 
describing dynamics of three vortexes of the ideal two-dimensional hydrodynamics is 
given. The system is integrated by quadratures. 



E-mail: mnv@lcta.jinr.dubna.su 



1. The equation of motion of a system of three vortexes can be put in the form 

i a 

M x = TiMi(M 2 -M 3 ), (1) 

M 2 = r 2 M 2 (M 3 - Mi), 

M 3 = T 3 M 3 (M 1 -M 2 ). 

Indeed, it is well known || that the system of N vortexes can be described by the 
following system of differential equations: 

N -p 

Then it is easy to verify that the quantities 



Mi = 


\Z 2 


-z 3 \\ 


(3) 


M 2 = 


\Zz 


-Zi\\ 




M 3 = 


\Zi 


-z 2 f 





satisfy the system (1) after changing the time parameter as follows: 

MiMoMq 1 

dt = 1 * 3 dr = (Mi M 2 M 3 ) ^ Rdr, (4) 

where Sa is the area of the triangle with vertexes in the centres of the vortexes and R 
is the radius of the circle with the vortexes on it. 
The system (1) has the integrals of motion 

* = <5) 

i=l 1 * 

3 InMi 
tl2 = 2^ 



and can be presented in the form 



• aifi a# 2 

M * = ^dMjdM, (6) 

= {Mj, # 2 } = CJijfc— , 

1 j 1 fciMfc 



where 



p = rir 2 r 3 MiM 2 M3 

and the Nambu-Poisson bracket of the functions A, B, C on the three-dimensional phase 
space M 3 is 

, , D „, &4 as 

{^B.C}-^— — — . (8) 



The fundamental bracket is 

{M 1 ,M 2 ,M 3 }=u) ijk . (9) 
Then we can again change the time parameter as 

dr = pdu (10) 

and obtain Nambu's mechanics [|j] 

dH x dH 2 



Mi — €ijk 



dMj dM k 



Mo- M 3 

M x = (11) 



M; 

M 3 



T 2 T 3 M 2 M 3 ' 
M 3 - Mi 

2 V 3 \\.\l,,.\l.' 
M x - M 2 



V 1 V 2 M l M 2 



2. The second-order, ternary, Nambu-Poisson structure (6-9) reduces to the two 
first-order, binary, (Nambu-)Poisson structures || 

OH 1 

{M^Mjji = ({M i ,M j} H l } = u ijk -^-=u i3k —)=ujl j , (12) 

dH 1 

{M,M,} 2 = {{M i ,M j ,H 2 } = u ijk ^=u> ijk ^^) = J i ij . 

These Poisson structures are reducible, there are nontrivial functions H x and H 2 
for which hold 

{A,H X } X = 0, (13) 
{A,H 2 } 2 = 

for any function A. 

3. The variables M n , n = 1,2,3, are non-negative (semi-bounded), so it is conve- 
nient to replace them with free variables x n 

x n = lnM n , n = 1,2,3. (14) 

The equation of motion (1), integrals (5) and Nambu-Poisson structures (8-12) take 
the following form: 



X X 


= V X [ 


[e X2 




(15) 


x 2 


= r 2 ( 


'e xz 


-e* 1 ), 




x 3 


= r 3 i 


[e xi 


-e* 2 ), 





3 pXi 

8H x dH 2 

Xi = rir 2 r 3 e iifc — — — (17) 

OXj ox k 

= {x i ,H 1 ,H 2 } = {xj,ifi} 2 = -{xi,H 2 }i, 

{a,b,c} = ri r 2 r 3£y ^^g, (is) 



J 2 . 

13 dx; dx 



' dxi dxk ' 



<4 



IWV^ (19) 

= rir 2 r 3 ey fe — — , 
= r 1 r 2 r 3 ej :/ fc— . 

4. For the system of three equations (15) we have two integrals of motion (16), so 
the system (15) is integrable by quadratures [|, ||. ^From H 2 it follows that 

x 3 = T 3 (H 2 -^-^). (20) 

1 1 J- 2 

Inserting (20) into the expression of Hi, we find that 

expx 2 exp(-^x 2 ) Xl expxi 

— p — + exp(r 3 (// 2 - — )) = flj — . (21) 

J-2 13 M 1 1 

Now we see that x 2 can be found from (21) as an elementary function of xi, when 

r 3 = -r 2 , (22) 

= -2r 2 , 

= -3r 2 , 

= -4r 2! 

= r 2 , 

= *r a . 

3 2 



For the general case, equation (21) defines X2 as a new trancendental function m(xi). 
Then the equation for x\ takes the form 



Elsewhere we consider general methods of non-linear (Nambu-)Poisson algebras [[7] 
analysis for our model as well as detailed analysis of the formal solution. 

It is a pleasure to thank Dr. S.A. Gogilidze and other members of the seminar 
ONMn for stimulating discussion. 
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x x = ^(e^a + ^) - r 3 ifi) + Tse* 1 = n 2 (x 1 ) 

1 2 



(23) 



and X\ is defined by the following quadrature: 




(24) 



